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Le´vy’s stable distribution is a probability distribution with power-law tails and skewness, which
are the essentially important characters in financial analysis. Although the Gaussian distribution has
long been used in financial modelings, we suggest that Le´vy’s stable distribution is more suitable by
theoretical reasons and analysis results. When Le´vy’s stable distribution is fitted to the stock market,
its parameters showed characteristic values. In long-term analysis, similar values were obtained for
four different stock indices, which seem to be universal. In short-time analysis, however, when
looked at on a daily basis, the parameters fluctuate in correlation with stock prices. We conclude
that Le´vy’s stable distribution could be a following probability distribution in the area of finance.
I. INTRODUCTION
The elucidation of mechanisms of stock markets is a
long-standing problem. Since the financial crisis in 2008,
which had occurred from the bankruptcy of Lehman
Brothers, the revision of classical statistic approaches to
deal with financial markets are receiving attentions.
In the analysis, the shape of the one-time probability
distribution of prices is important in the quantitative de-
scription of financial markets, where the Gaussian distri-
bution is widely used for such as the Black-Scholes model
[1] for pricing derivatives. This Gaussianity assumption
of the price fluctuation has been used for many years not
only because of its simpleness in analysis but also because
of the prevailing view that the central limit theorem could
be applied to the price fluctuation [2, 3]. Recently, how-
ever, this assumption has been questioned. As an exam-
ple, many price fluctuations are observed which cannot
be represented with the Gaussian distribution and hav-
ing power-law tails, first found by Mandelbrot on cotton
prices [4]. Therefore, new methods for analyzing financial
markets is needed using not the Gaussian distribution
but an alternative.
One of the most famous power-law tailed distributions
is Le´vy’s stable distribution. There have been several
works which applied Le´vy’s stable distribution to stock
markets [5–14]. In these investigations, they pointed out
that Le´vy’s stable distribution fits better than the Gaus-
sian distribution to financial markets. It is still debatable
whether Le´vy’s stable distribution is applicable, since
there is not enough theoretical background and there is
not a universal analyzing method for estimating param-
eters of Le´vy’s stable distribution.
It is not possible to apply ordinary analyzing methods
to Le´vy’s stable distribution due to its peculiar property.
Non-parametric approaches to estimate Le´vy’s stable pa-
rameters, such as the log-log linear regression and the
Hill estimator, have limited range of estimation since the
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error increases near α = 2 [15]. Other representative
methods for estimating Le´vy’s stable parameters are the
quantiles method [16, 17], the fractional lower order mo-
ment method [18, 19], the logarithmic moment method
[20] and the characteristic function method [21]. While
the former three methods have some constraints of re-
stricted ranges of parameters, high computational cost,
or requiring large number of data, the characteristic func-
tion method seems to be the most appliable. We would
like to use a simple approach based on the characteristic
function, which is tested to be valid and clears the above
issues.
In this paper, we analyze log-returns of stock markets
by modeling with Le´vy’s stable distribution, and con-
clude that Le´vy’s stable distribution is applicable to stock
markets by the theoretical background and the analysis
result.
II. PROPERTIES OF LE´VY’S STABLE
DISTRIBUTION
Le´vy’s stable distribution is expressed by its charac-
teristic function φ(k), while a general expression for the
probability density function f(x) does not exist. These
are related as
f(x) =
1
2pi
∫ ∞
−∞
φ(k)e−ixkdk, (1)
where
φ(k) = exp {iδk − |γk|α [1 + iβsgn(k)ω(k, α)]} (2)
and
ω(k, α) =
{
tanpiα2 (α 6= 1)
2
pi log|k| (α = 1).
(3)
Here, α ∈ (0, 2] is the stability parameter, β ∈ [−1, 1]
the skewness parameter, γ ∈ [0,∞) the scale parameter
and δ ∈ (−∞,∞) the location parameter. The case of
(α, β) = (2, 0) corresponds to the Gaussian distribution
and (α, β) = (1, 0) to the Cauchy distribution.
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2Le´vy’s stable distribution has power-law tails. When
|x| → ∞ where c+ ∈ (0,∞) and c− ∈ (0,∞), the follow-
ing equation holds:
f(x) =
{
c+x
−(1+α) (x→∞)
c−|x|−(1+α) (x→ −∞). (4)
In addition to the fact that the probability density
function cannot be represented explicitly, the mean can-
not be defined for α ∈ (0, 1] and the variance diverges for
α ∈ (0, 2).
III. GENERALIZED CENTRAL LIMIT
THEOREM
The classical central limit theorem states that the sum
of independent and identically distributed random vari-
ables with a finite mean and variance converges to the
Gaussian distribution. According to the generalized cen-
tral limit theorem [22], when the variables follow the
power-law of Eq. (4) with an infinite variance, the sum
of variables converges to Le´vy’s stable distribution with
the stability parameter α and the skewness parameter
β = (c+ − c−)/(c+ + c−). Further, a theorem proposed
as the super generalized central limit theorem [23] states
that the sum of independent (not necessarily identically)
distributed random variables with an infinite variance
also converges to Le´vy’s stable distribution.
Here, if t is time and S(t) a stock price, then its log-
return X(t) := log {S(t)/S(0)} is known to follow a prob-
ability distribution with power-law tails. Besides, the
stock indices are composed of the sums of various stock
prices. Thus, it can be suggested that Le´vy’s stable dis-
tribution is more suitable than the Gaussian distribution
for analyzing the stock indices.
IV. ESTIMATION OF LE´VY’S STABLE
PARAMETERS
When we analyze data, we often assume that they are
ergodic. In general, if random variables Xn (n = 1, 2, . . . )
are ergodic with the integrable function f(x), the pre-
serving map T (x) and the measure ρ(x)dx in the space
M , then the following equation holds [24, 25]:
lim
N→∞
1
N
N∑
n=1
f(Tnx) =
∫
M
f(x)ρ(x)dx. (5)
Then, to consider characteristic functions, Eq. (5) comes
out to be the following ergodic equality [26]:
lim
N→∞
1
N
N∑
n=1
exp(ikXn) =
∫ ∞
−∞
exp(ikx)f(x)dx, (6)
from which we have
φ(k) = lim
N→∞
1
N
N∑
n=1
exp(ikXn) (7)
which is consistent with Eq. (1). This assumption is usu-
ally used in data analysis especially in statistics, and it
allows us to empirically obtain the probability distribu-
tion. Hence, the empirical characteristic function φN (k)
of a large number of data set Xn (n = 1, 2, . . . , N) can
be calculated as
φN (k) =
1
N
N∑
n=1
exp(ikXn). (8)
When the data follow Le´vy’s stable distribution with the
parameters (α, β, γ, δ) (α 6= 1, k > 0), the characteristic
function φN (k) can be represented as
φN (k) = exp
[
iδk − (γk)α
(
1 + iβtan
piα
2
)]
(9)
from Eqs. (2) and (3).
In order to estimate Le´vy’s Stable parameters, we use
the approach based on Koutrouvelis’s method [21] with
an added process of normalization which is discussed
later. With Eq. (9), we can derive
log (−log |φN (k)|) = αlogk + αlogγ (10)
and
1
k
arctan
φN,I(k)
φN,R(k)
= −βγαtanpiα
2
kα−1 + δ, (11)
where each of φN,I(k) and φN,R(k) corresponds to the real
and imaginary part of φN (k). The parameters (α, β, γ, δ)
can be estimated by the linear regression method in Eqs.
(10) and (11) around k = 0. If (γ, δ) are far from the
standard value of (1, 0), then it is not possible to estimate
each parameter accurately. In this case, the data should
be normalized to (γ, δ) = (1, 0) and then estimate (α, β).
While the standard estimation method use the prob-
ability density function from the actual data with diffi-
culty in estimating the tails of the distribution which are
essentially important part of Le´vy’s stable distribution,
the present method here can detect the tail through the
characteristic function. In addition, this method has a
faster convergence according to the increasing number of
data. Thus, we can analyze with relatively few data.
V. APPLICATION TO STOCK MARKETS
In this paper, we analyze four stock indices: Nikkei
225 (from 1/4/1978 to 5/31/2017), S&P 500 (from
1/2/1975 to 5/31/2017), Dow 30 (from 1/2/1986 to
5/31/2017) and SSEC (from 1/5/1998 to 5/31/2017).
These data were downloaded from Yahoo Finance (http:
//finance.yahoo.com). For each stock index, the daily
log-returns are calculated at first, and then the parame-
ters (α, β) are estimated after the standardization.
Table I shows that the daily log-returns of all four con-
sidered stock markets are well fitted by a Le´vy’s stable
distribution with α ≈ 1.6, which is remarkably different
3TABLE I. Estimated parameters (α, β) from four stock in-
dices.
Stock index Number of data α β
Nikkei 225 9934 1.570 −0.162
S&P 500 10698 1.638 −0.127
Dow 30 7918 1.604 −0.146
SSEC 4691 1.573 −0.072
FIG. 1. Distribution of raw data, Le´vy’s stable distribution
with estimated parameters (α, β) and Gaussian distribution
are compared.
from the Gaussian distribution where α = 2, and consis-
tent with Mandelbrot’s findings on cotton prices of more
than 50 years ago, where α = 1.63 [4].
FIG. 2. Real part of characteristic function φR(k) of raw
data and that of Le´vy’s stable distribution with estimated
parameters (α, β) are compared.
FIG. 3. Imaginary part of characteristic function φI(k) of raw
data and that of Le´vy’s stable distribution with estimated
parameters (α, β) are compared.
Fig. 1 compares the probability density functions of the
standardized raw data, Le´vy’s stable distribution with
estimated parameters (α, β), and the Gaussian distribu-
tion. Figs. 2 and 3 compare the characteristic functions.
The parameters are estimated well, especially in the tail
parts where the power-law influences. Note that β al-
ways indicates the negative value, which means that the
distribution has a non-zero skewness.
Next, let us see how the fitted parameters (α, β) change
as a function of time. The parameters are estimated from
X(t−1000) to X(t−1), which are the analysis results for
the day t. That is to say, we move a window of N = 1000
and compare the fluctuations of both the prices and the
parameters (α, β).
Figs. 4 and 5 show the results of Nikkei 225 and S&P
500. When looked at on a daily basis, the estimated
parameters (α, β) fluctuate a lot around the average val-
ues shown in Table I. Let us focus on the financial cri-
sis which occurred in 2008, particularly when Lehman
Brothers went bankrupt in September 15th, 2008. As
the prices of both Nikkei 225 and S&P 500 greatly crash,
α shows a remarkable jump downwards, while β is less
affected.
Shown in Fig. 4, the index α shows a similar move-
ment to the price. They start to go down from around
9/15/2008, then take the minimum values at almost the
same time shown in Table II. Next, let us see the index
β in Fig. 5. The skewness parameter β reflects the price
fluctuation slightly shifted to the side, taking the min-
imum value before the price and α. Accordingly, β is
more sensitive as if it had a short-time prediction of the
price crashes such as the financial crisis.
4TABLE II. Local minimum values according to the financial crisis.
Price α β
Stock index Value Data number Value Data number Value Data number
Nikkei 225 7054.98 7905 1.516 7875 −0.886 7232
S&P 500 676.53 8627 1.201 8656 −0.821 8199
FIG. 4. Stock price and estimated parameter α are compared.
Vertical dotted line corresponds to the date of the bankruptcy
of Lehman Brothers.
VI. CONCLUSIONS
In terms of the generalized central limit theorem,
Le´vy’s stable distribution is theoretically more suitable
than the Gaussian distribution for fitting the log-returns
of the stock markets. The stock prices with power-law
tails would not converge to the Gaussian distribution,
since the classical central limit theorem cannot be ap-
plied in this case.
The parameters (α, β) show a similar value regardless
of the stock index. The stability parameter α of all the
stock indices were around α = 1.6 which seems to be uni-
versal, and lower than the Gaussian distribution corre-
sponding to α = 2. As β has a negative value, it is shown
that the stock market has a skewness. Then, the param-
eters fluctuate by dividing the analyzing time-windows.
There is a correlation between the price and (α, β), es-
pecially when the financial crisis occurred.
Stock prices often show larger fluctuations than ex-
pected before, and the probability distribution alters on
a daily basis. In other words, stock markets are instable.
This instability was not considered in the classical anal-
ysis, however, it should be incorporated in the models to
prevent financial crisis from now on. As shown in this
paper, the parameters of Le´vy’s stable distribution could
be the indicators of stock markets.
Although we used the data of daily stock prices in this
paper, further development is expected by using the data
with shorter intervals, such as the stock prices of every
few minutes or even shorter with every few seconds.
FIG. 5. Stock price and estimated parameter β are compared.
Vertical dotted line corresponds to the date of the bankruptcy
of Lehman Brothers.
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